PAGE  

Resonance Principle and  the Heart Rate of Mammals

A. Naszlady. and L. Kiss 

Summary: In the traditional hemodynamics the total peripheral resistance to blood flow is calculated as  an ohm-like parameter that is Mean Arterial Blood Pressure divided by Cardiac Output. Comparing this value in small and big mammals, one finds that  the difference is enourmous. A question may arise: how can the weak heart of a small mammal overcome the flow resistance that is two to three times greater than in big mammals?  By simulating the hemodynamics on  validated  computer models, we  prove that there is an inverse relationship between the cubic root of normal body volume and the heart-rate. Here we show  that the explanation of this is based on the resonancy of the functional length of the body’s arterial system. In human medicine, this statement is new and has great importance in both Pacemaker frequency settings and in the clinical therapy of Tachycardia in heart failure. The higher the heart-rate the less the ventricular afterload.
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It has been previously described by L.v.Bertalanffy1,2 that the mammalian heart rate (f) is in close relationship to the basal metabolic rate, oxygen consumption, cardiac output, and consequently to body weight (G).  The result of this proposition is that the cubic root of the body volume,  expressed in Litres, results in a linear measure of length (l ), expressed in (dm),  that should also be  proportional to the body weight in kg (G).  So it can be written






   f  = k G -1/3





(1)

where  k  is a physical constant  (min -1g 1/3 ),  a constant universal for all species;

and                                                          G1/3  =   l



                       (2)

So it  can generally be written that             k =  f  times  l   =  f *l



 (3)
i.e. f (heart rate) multiplied by a length ( l ) is equal to a constant. This  means that halving the length produces a doubling of the  freqency (heart rate). This operation is analogous to ’resonance’.

Let the body weights of two mammals with analogous body-structure be Ga  and   Gb  respectively, then it also can be written that





    k   =    fa Ga 1/3  =    fb Gb 1/3



             (4)
and hence


       fa / fb  =   Gb1/3 /  Ga1/3



             (5)

where f  is the heart rate of  the ’a’ and  ’b’  mammals, respectively and k is the universal constant1.

Rearranging Eq.(5)  it can be written that






fa  =  fb Gb1/3 /  Ga1/3




   (6)

Comparing the real heart rate values of  different mammals2  to those which fit to the allometric line of mammals,  the following relationship proved to be valid:-

 fn  =  300 /  Gn1/3




    (7)

where 300 is the universal constant i.e.        fb Gb1/3   =     300   
cf. Eq.(1)
                (8)

So, rearranging Eq. (7), this formula generally expresses that               

fn* ln =   k  = 300



                (9)

as in (1) above.

The question arises what is that length?

The average body weight (Bw) of mankind is 65 kg  according to the Biological Data Book4. Taking into account the specific weight of the human body to be 65 kg will correspond to Vh = 64 Litres. Constructing such a unisex human body phantom in a cubic shape, we find that  its third  root is 4 dm i.e. 40 cm (see Fig.1).  By measuring the length of the aorta in people 165 cm tall  using the heart-catheter technique,  as well as with angiography,  it has been shown that this 40 cm is the distance from the  aortic arch down to the iliac bifurcation in that body size. (see Fig. 2.). 


If it is hypothetized that the constant 300, from Equation 8, is representing  (in the middle of the allometric line)  the average human, then 300 =  fh * Vh1/3 , and then  fh = 75 beats/min  and Vh1/3 = l h  is 4 dm.  (Here the  ’h’ suffice  indicates ’human’.)  More details can be seen in Fig.1 and Table I.

  
It is well known that the smaller the body size, the higher the heart rate of mammals.(See Table I.). The usual calculation of arterial vascular Total  Peripheral ohm-like Resistance (TPR) is carried out by dividing the Mean Arterial Blood Pressure (MABP) by mean arterial blood flow i.e. Cardiac Output (C.O.). Considering the well-known fact that MABP is the same in all mammals ( except of those whose  body shapes are not analogous to all the other mammals, e.g. giraffe and whale), the TPR of a rat is  greater by an order of magnitude than, for example, the TPR of the man. A question may arise: ’How can the  very small and weak heart of the rat overcome that enormous TPR?’


Investigating this problem on our validated reliable analogue device, as well as by a digital computer model of the human hemodynamics4,5, we have succeeded in proving that the cardiac ventricles are not loaded by TPR but with the arterial input impedance (Zin). The formula to compute the value of  Zin  is the following:







           1
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Zin  =  R 






                1 +  j ω RC

where R= TPR, j is the unit complex number, ω =  2 πf  (f is the heart rate), and C = compliance (vol/pressure) of the total arterial system. It can be seen that f is inversally related to Zin, demonstrating that the higher the heart rate the less the input impedance of the arterial system in both the systemic and pulmonary sides.  Graphical representations of this Rule is shown  on Fig.2.

In the Gauss coordinate system, (Fig 2), the perpendicular axis is the imaginary (complex) j-axis, and the horizontal one is the real (r) axis. The arrow-vectors within the “circular” frequency graphs represent Zin for the Systemic and Pulmonary arterial circulation respectively. FR means the heart rate. Fig.2. shows that the higher the heart rate (FR), the shorter the arrow-shaped vector representing Zin.


From this regularity, one can understand the virtual contradiction of ventricular loading calculated either by TPR or Zin. This is the explanation for the inverse relationship between body size and heart rate among mammals. The Eq. 9   demonstrates the well-known physical property of a string: depressed at half of its length it will vibrate with doubled frequency. The basic principle of this phenomenon is ‘resonance’.

The conclusion is that the mammalian heart-rates at rest are fundamentally determined by the natural freqency of their arterial systems. Neuro-humoral influences may modify it around that basic value. It’s a natural law that Nature follows the rule of ‘Least Energy Consumption’ in its operations. Driving the heart near the resonance frequency of the coupled arterial system ensures the least after-load and so ‘least energy consumption’ of the heart from mice to elephant along the allometric line of mammals.
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Fig.1. 







Fig.2.             
	Mammal


	Body weight

       (kg)
	Heart rate comp.(1/min)
	Heart rate from2

	rat
	       0,3 
	  430
	450

	dog or (child) 
	 5- 20  (27)
	  175 -110 (100)
	200 – 72  

	man
	        65
	   75
	69,8-71,7

	man
	        70
	   72
	69,8-71,7

	cattle
	     400 - 500
	   41- 37
	     46

	elephant
	    3000
	   15-23
	     25


Table I.
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Fig. 2. 
Legends of Figures

Fig.3. Average human unisex phantom
          The body height  165 cm and body volume 64 Liter. It  is transformed into a cube composed from 64 smaller cubes 1 Liter each. The distributions of these components are proportional to an average real human   body size. The cubic root is 40 cm which is equal to the length of the aorta from it  arch to its bifurcation as is shown on the phantom.   

Table I. Average heart rates of mammals2  
           The heart rates of different mammals have been calculated from the cubic root of their body sizes. The values obtained this way  fit acceptably well to the real values taken from  Biological Data Book2 
 Fig. 2. Input impedance of the great arteries  

On the left side of Fig. the systemic  and on the right side of Fig. the pulmonary circulation’s Zi  are shown by  arrowshaped vectors pointed to the line of the circular freqency functions. In the Gauss  coordinate system  the  perpendicular axis represents the imaginary  the horizontal axis the real  values respectively. One can observe that  towards the origo the heart rate (FR) is higher and the arrow vectors i.e Zin are smaller. In the formula for computing Zin   R is ohmlike TPR, ω (omega=2πf)  represents the  heart rate, C is the vascular compliance, j is the imaninary number (square root of  -1). It can be seen that omega is inversally related to Zin   meaning that  the higher the heart rate, the less the input impedance i.e. the ventricular afterload. More detailes see  in the  text. 
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